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Formation of a Rotor Tip Vortex

Hui Li,¤ O. R. Burggraf,† and A. T. Conlisk‡

Ohio State University, Columbus, Ohio 43210-1107

The origin of the tip vortex is described and important properties, such as core radius and circulation, as a
functionof these parameters, are calculated.Despite the fact thata largeamountof computationalandexperimental
work on the rotor wake has been published, little of a quantitative nature is known about the origin of the main
component of the rotor wake, the tip vortex, as a function of the rotor speed, rotor blade geometry, and angle of
attack. Experimental data by several workers have revealed little dependence on the Reynolds number. This lack
of dependence on Reynolds number will hold only if the � ow remains substantially unseparated, although it may
be noted that drag coef� cients of bluff bodies are remarkably constant over wide range of Reynolds number. The
rotor blade is assumed to be of large aspect ratio, that is, to leading order in the blade aspect ratio, it appears
in� nite in length. In this limit case, the analytical solution for the bound circulation on a � xed wing is shown to be
extendable to the rotary wing case when the blade is viewed as a lifting line. Lifting-surface results are obtained
also, and these compare well with the lifting-line results for the bound circulation.

Introduction

T HE helicopter-rotor wake is among the most complex � ow-
� elds in aerodynamics. The wake is fully three dimensional,

and in many cases, there are regions within the wake in which the
� ow is extremely irregular.1;2 Moreover, many experiments have
focused on trimmed conditions in forward � ight, which involves
cyclic pitch, complicatingthe wake and making dif� cult fundamen-
tal experiments designed to elucidate primary wake features. It is
well known that the wake position is dif� cult and expensive to cal-
culate accurately beyond about one revolution of the rotor,3;4 even
using advanced computational � uid dynamics methods. Note that
correlationof experimentaldata by other authors5;6 has revealed lit-
tle dependenceon the Reynolds number, provided the � ow remains
substantially unseparated. Therefore, in this paper inviscid meth-
ods are used to describe the origin and evolution of the tip vortex,
with the further goal of predicting circulationand local blade loads
accurately.

Although there have been many papers that have presented re-
sults for the bound circulation on a rotor blade, there are relatively
few papers that have addressed the physics of the formation of the
tip vortex on rotor blades. Rule and Bliss7 discuss the relationship
between blade loadingparameters and the tip-vortex circulation for
a vortex with a turbulentcore using a momentum integral approach.
Bhagwat and Leishman6 measured the velocity � eld near a rotor
blade and used the data to integrate numerically around the blade at
a speci� c spanwise location to obtain the bound circulation. They
found that their results for a one-bladed rotor are independent of
contour size, but the results for a two-bladed rotor are not. This
discrepancy was explained by postulating that extraneous vorticity
from the rotor wake was being included in the calculation. Even
though the bound circulation results for the two-bladed rotor could
not be made contour independent, they suggest that the strength of
the tip vortex is about 83–85% of the maximum bound circulation.
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Earlier, Cook8 presented experimental results suggesting that the
tip-vortex circulation is much less than the maximum-boundcircu-
lation. In contrast, the experimental results of Caradonnaand Tung9

suggest that the tip-vortex circulation is close to the maximum.
In a comprehensive experiment, McAlister et al.10 measured the

fully three-dimensional velocity � eld for a rigid rotor blade; the
measurements include data from as close as 0.3 chord length down-
stream of the trailing edge and so the origin of the tip vortex, in
particular, can be analyzed. According to McAlister et al.,10 the
vortex begins to be formed near the point of maximum thicknesson
the top of the blade, and the center of the vortex is offset inboard a
small amount.The vortex leaves the wing in the chordwisedirection
parallel to the trailing edge of each airfoil section, as is the case, in
theory, when the classical Kutta condition is applied.

In thispaper,we calculatethe leading-ordersolutionfor thebound
vorticity and its corresponding trailing vorticity for rotary wings;
from these results the circulationof the tip vortex can be calculated.
We then compare the results with existing experimental data. From
ananalyticaland computationalperspective,the � ow near the tip has
beenviewedas the innersolutionin a matchedasymptoticexpansion
in the small parameter de� ned as the ratio of the chord to length of
the rotor blade, that is, the inverseof the wing aspect ratio.This idea
is notnew:VanDyke11;12 alludedto this in his discussionof the � xed
wing. For that case, Stewartson13 derived an analytical formula for
the bound circulationon a semi-in� nite � xed wing. We have shown
that a modi� ed form of this formula is applicable to the rotor wing
as well.

The con� guration for our analysis is shown on Fig. 1, together
with the subdivision into inner and outer regions. Consider the case
of a � xed wing. Far from the tip, the circulation in the inner (tip)
region becomes constant, and, to leadingorder, vorticity is not shed
from the wing in that region. This observation explains the im-
portance of the trailing vortices in the tip region and their rela-
tive unimportance inboard for a � xed wing. In the tip region where
the circulationvaries rapidly, the individual vortex � laments would
be expected to roll over each other to form the tip vortex. In the case
of the rotary wing, vorticity is shed inboard, and the bound circu-
lation assumes a more or less linear behavior away from the blade
tip. Later we show that Stewartson’s solution13 applies to the rotary
wing as well, except that the rotary wing equation for the bound
circulation involves an additionalparameter,which is dependenton
aspect ratio, angle of attack, and number of blades.

The formation of the tip vortex is viewed here as a collection
of individual vortex � laments shed from discrete positions on the
wing as a result of the spanwise variation of the bound circula-
tion. The individual � laments roll around each other to form the tip
vortex as shown in the photograph in Fig. 2 (Refs. 14, 15); these
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Fig. 1 Inner and outer problems for the � ow past a two-bladed rotor.

Fig. 2 Vortex wake of a � xed wing as photographed by Head.14

streakline patterns show the behavior of trailing vortices shed from
discrete positions.Note that some of the vortexlike lines wrap from
the underside. As quoted by Anderson,16 such a � lamentlike struc-
ture for the tip vortex is mentionedby Lanchester in Aerodynamics,
published in 1907, indicating a long history of this interpretation.
Lanchester shows a tip vortex as consisting of individual vortex � l-
aments winding around themselves to form the developedtip vortex
downstream.

The plan of the paper is as follows.After a discussionof the wake
model, the lifting-surface problem is formulated. It is then found
that, to leading order in aspect ratio, the blade appears semi-in� nite
in length. Horseshoe vortices are used to model the rotor blade and
wake (inner problem), and the helical vortex structure of the far
wake (outer problem) is modeled as a cylindricalstructureof vortex
rings. The numerical results for the circulation compare very well
with the analytical solution for the rotary wing, corresponding to
the lifting line. Results are then presented for the rollup structureof
the tip vortex. Finally, a computationalmodel for wake contraction
is presented. The computational results for the bound circulation
compare well with the experimental data for the rotary wing.

Asymptotics of Lifting-Line and Lifting-Surface Theory
for Rotary Wing in Hover

Lifting Line

The integral equation of lifting-line theory has been derived for
the case of a � xed wing in many text books. In particular, in Ref. 17,
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where 0¤ is the circulation,®0 is the geometric angle of attack, U1
is the speed far from the wing, b is the span of the wing, and c is
the local value of the chord. Here m is a constant equivalent to the
lift-curveslope, which is airfoil dependent.For a � at plate, m D 2¼ .
In the generalcase, both c and ®0 may dependon y. It is important to
understand the assumptionsof linearized theory associatedwith the
derivationof this equation.The followingtwo pointsare of principal
importance for our purposes.

1) The trailingwake is assumed to remain in the planeof the wing
z D 0 for all time, or equivalently, in linearized theory, in the cross
plane containing the freestream velocity vector.

2) The pressure differencebetween the bottom and the top of the
wing must approach zero at the tip, and so 0¤ D 0 there also.

However, for a rotary wing, the trailingvortices are driven down-
ward away from the rotor-tip path plane and form a more-or-less
helical wake. Therefore, the assumption that trailing vortices re-
main in the rotor-tip path plane as for the � xed wing is not valid,
and the lifting-lineEq. (1) can not be applied to the rotor tip directly.
When the in� uence of the helical rotor wake is included, it is shown
here that in the tip region, to leading order, the bound circulation
of the rotary wing has a solution similar to that of a � xed wing,
although the rotary wing analysis involves a parameter dependent
on the aspect ratio, the angle of attack, and the number of blades.

We have applied the results of vortex theory together with the
concepts of Prandtl’s lifting-line theory to describe the interaction
betweenanassumedcylindricalslipstreamand theboundcirculation
for an n-bladed rotor operating in hover (static thrust). In Prandtl’s
theory, the high aspect ratio wing is represented by a line vortex
(the lifting line), and the aerodynamic properties of each spanwise
section are approximated locally by the two-dimensionalcharacter-
istics from linearized airfoil theory. However, the freestream of the
local section is replaced by the relative wind, that is, the effective
angle of attack is the geometric angle of attack reduced by the local
downwash induced by the trailing vortices.

For the case of the rotor blade in hover, two modi� cations must
be made.

1) The true freestream in wing theory is replaced by the angular
velocity of rotation of the blade.

2) The trailing vortices of the rotor follow a more-or-less helical
path.

Corresponding to the variation of bound circulation,vortices are
shed all across the rotor, forming an approximatelycylindrical slip-
stream � lled with concentric helical vortices. These discrete helical
vortices are approximated by uniform cylindrical sheets of vortic-
ity. For purposes of computing the downwash, these elemental vor-
tex cylinders may be viewed as composed of vortex rings, whose
strength is approximatelyconstanton each cylinder.The axial com-
ponent of the helical vortices, that is, the component of the circu-
lation oriented in a direction normal to the tip-path plane may be
ignored for present purpose because it does not contribute to the
downwash.

A cylindrical coordinate system .r; µ; z/ is convenient, where r
is the radial coordinate, µ the azimuthal coordinate, and z the axial
coordinate. (See Fig. 3, which illustrates a single vortex cylinder.)
These elemental vortex cylinders, formed from the inboard vortex
sheet, are superposed with the vortex cylinder generated by the tip
vortex to form the complete rotor slipstream.

Unlike the apparently simpler case of the � xed wing, simple an-
alytical formulas have been derived for rotor aerodynamics.Knight
and Heffner18 based their derivationon vortex theory,discussedear-
lier, whereasGessowand Myers19 derive the same resulton the basis



LI, BURGGRAF, AND CONLISK 741

Fig. 3 Vortex-cylinder coordinate
system.

of Glauert’s20 simple momentum theory. In either case, the results
are shown to depend on a single parameter

¸ D ²®0a=nc

where a is the blade-tip radius and n is the number of blades. For
the case of a rectangularblade, the induceddownwash has the form

W .R/ D vz=Äa®0 D .1=4¸/
¡p

1 C 8¸R ¡ 1
¢

(2)

where W .R/ is the nondimensional downwash and R D r=a. We
have introduced the parameter ² to account for the varying pitch of
the helical vortex loops along the assumed cylindrical slipstream.
Knight and Heffner18 have taken ² D 2, corresponding to condi-
tions either just inside the slipstream boundary, or at in� nity on
the boundary itself, whereas ² D 1 corresponds to conditionson the
slipstream boundary just below the rotor. We have chosen ² D 1 as
more appropriate for evaluating the bound circulation on the rotor.

It is easy to see that the induceddownwashW .R/ increasesmono-
tonically, from zero at the hub to a maximum value at the tip, the
latter value depending on the parameter ¸. Equation (2) shows as
¸ ! 0, W .R/ has a linear spanwise distribution. Also W .R/ van-
ishes as ¸ ! 1 (in� nite blade aspect ratio), and, thus, in this case,
the rotary wing is equivalent to a semi-in� nite wing.

The blade circulation is given by

0 D 0¤=Äac D ¼®0[R ¡ W .R/] (3)

This outer solution, alreadydescribed,is not valid near the rotor tip,
and proper treatment of this irregularity requires consideration of
the inner expansion.

Consider the � ow in the tip region shown on Fig. 1. In the tip
region, the most recently shed trailingvortices can be approximated
as straight lines because here the curvature of the trailing vortices
is much less than the length scale c. Therefore, their in� uence is
representedby the integral term in Eq. (1). However, different from
the � xed-wingcase, the previouslyshed vorticesdonot remain in the
rotor tip-path plane; instead, they are driven downward away from
the rotor tip-path plane and form the helical rotor wake. Therefore,
the in� uence of the helical rotor wake needs to be considered in
Eq. (1).

We replaceU1 and y¤ in Eq. (1) with Är and r , respectively,and
nondimensionlizeEq. (1) by writing R D r=a. Hence,
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where C .R/ D 1 for a rectangular rotor and 0 has been de� ned
earlier.

To focus on the tip region, we make the transformation Y D
.1 ¡ R/A¯ , where ¯ is a constant. Substituting Y into Eq. (4), we
� nd, to balanceboth sides, ¯ D 1. If we assume that 0 remains O(1)
near the rotor tip, and the chord is � nite at the wing tip, then 0 may
be expanded as 0 D 01 C O.A¡1/. When substituted into Eq. (4),
the leading-order terms of the lifting-line integral equation for a
semi-in� nite wing are found, as
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For the helical rotor wake, the correction to the downwash in the
tip region, caused by the wake, must be included in Eq. (5). There
results
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where W .Y / is the downwash induced by the helical rotor wake in
the inner region.

Expanding the outer solution for the downwash in the rotor-
tip path plane W .R/ in Eq. (2) with the inner variable Y D
.1 ¡ R/=A¡1 , we � nd that to leading order as A ! 1
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Substituting W0.Y / into Eq. (6), we have
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When Eq. (8) is compared with the leading-order equation for a
� xed wing, it is easy to see that, to leadingorder, the only difference
is the appearance of a constant parameter

D D 1 ¡
p

1 C 8¸
¯

4¸ C 1=4¸

which contains the wake information. Therefore, to leading order,
in the tip region, a rotary wing is similar to a � xed wing, and thus,
Eq. (8) has an analytical solution similar to that of Stewartson.13

Hence, Eq. (8) becomes
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Let Y D .m=8/» , and let

f .» / D 2
¼m®0 D

Z 1

0

d01

d»0

d»0

» ¡ »0
(10)

Hence, for the leading-order inner solution, we have

01.Y / D .m®0 D=2/[1 ¡ f .» /] (11)

and from Eq. (10), the solution is obtained in the same form as that
of Stewartson,13 that is,
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We call Eq. (11) the modi� ed Stewartson’s solution because it is
identical to his analytical solution, aside from the parameter D.

Because the bound circulationdirectly in� uences the subsequent
positionof the tip vortex and the intensityof the subsequentinterac-
tionswith othercomponentsof thewake, it is importantto determine
the circulation as precisely as possible. In the next section, we use
lifting-surface theory to evaluate the inner solution, valid near the
rotor tip, and compare the results with our lifting-line theory.

Lifting Surface

FollowingtheworkofFalkner21 andofSchlichtingandThomas,22

the semi-in� nite wing may be represented by vortex panels dis-
tributed over its surface, as shown in Fig. 4a. For clarity, in Fig. 4a,
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a) Global coordinates

b) Local panel coordinates

Fig. 4 De� nitions,where solid box is a surface panel, which is replaced
by a horseshoe vortex (– – –).

only three chordwise panels and nine spanwise panels including
semi-in� nite panels (discussed subsequently) are shown, whereas
in the numerical calculation, 10 chordwise and 20 spanwise panels
were used. Each wing panel consists of a horseshoe vortex system
with a boundvortexalong the panel quarter-chordline togetherwith
trailing vortices lying along the panel edges, extending through the
trailing edge of the wing and moving with the local velocity after
leavingthe trailingedgeof the wing. Figure 4b shows a wing surface
panel represented by a horseshoevortex.

We now de� ne local panel-based coordinates: De� ne the x axis
to be oriented in the chordwise direction, the y axis spanwise, and
the z axis vertical, as shown in Fig. 4b. Here x 0 and y0 are measured
from the midpoint of the selected panel and z from the plane of the
wing. The panel-width dimensions are 2a by 2b in the chordwise
and spanwise directions, respectively.Then the velocity induced by
each horseshoe vortex segment is evaluated using Biot–Savart law.
The velocity induced by the bound-vortex segment is
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whereas the two unit trailing vortices produce the contributions
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where u, v, and w are the x , y, and z components, respectively.
Subscript B designates the bound-vortex segment and T1 and T2

designate the two trailing vortices.
Now we consider the global coordinates:De� ne the x axis to be

oriented in the chordwise direction, originating at the leading egde
of the wing; the y axis spanwise, originatingat the wing tip; and the
z axis vertical,as shown on Fig. 4a. The panel-in�uencecoef� cients
Ak j are givenby the normal velocityinducedin the planeof the wing
at the three-quarter chord position on panel k due to the horseshoe
vortex of unit circulation with the bound vortex at the one-quarter
chord position on panel j , as

Ak j D wB .xk j ; yk j ; 0/ C wT1 .xk j ; yk j ; 0/ C wT2 .xk j ; yk j ; 0/

where xk j D xk ¡ x j Ca=2 and yk j D yk ¡ y j . Note xk , x j , yk , and y j

are global variables, and xk j , and yk j are the earlier local variables
x 0 and y0.

The boundary condition of zero normal velocity on the wing
surface is satis� ed at the three-quarterchord point on the centerline
of each panel, as by Schlichting and Thomas,22 and the vortices
emanate from the panel quarter-chord line and extend through the
trailing edge of the wing to in� nity downstream (Fig. 5). Thus,
the panel circulations0k ; k D 1; : : : ; N , may be evaluated from the
surface boundary condition, expressed as the linear equation

NX

j D 1

Ak j 0 j D ¡w1

For a � at-plate airfoil, the right side vector w1 is just the vertical
componentof the freestreamvelocityvector reducedby the leading-
order inner downwash induced by the helical rotor wake, that is,
U1®0[1¡ W0.Y /] in linearized theory.
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Fig. 5 Schematic of the trailing vortex system: ¯, quarter-chord loca-
tion of each panel (bound vortices); °, panel edges; and arrows normal
direction at the panel three-quarter chord line (normal-velocity bound-
ary condition).

For the numerical computation, the semi-in� nite wing is repre-
sentedby a � nite numberof panelsoutboardof a semi-in� nite panel.
The baseline con� guration uses 20 chordwise panels and 40 span-
wise panels. The semi-in� nite panels have been applied beyond the
40th spanwise panel at each chordwise location to model the semi-
in� nite aspect of the problem. Each of the semi-in� nite panels has
only one bound vortex and one trailing vortex, that is, half of a
horseshoe vortex. The bound vortex extends to in� nity spanwise,
and the trailing vortex extends to in� nity downstream as shown, in
Fig. 4a. The boundary condition of � nite circulation at in� nity is
represented by requiring the values of bound circulation of each of
the semi-in� nite panels to be equal to those of the panels next to
them. The velocities induced by the leading bound-vortex segment
of the semi-in� nite panel are

u B1.x; y; z/ D 1

4¼

z

.x C a=2/2 C z2
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"
1 ¡

y C bp
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The trailingvorticitybecomes small at a distanceof the order of a
chord length from the wing tip. Hence, accurate computationof the
trailing vorticity requires a strong concentration of the horseshoe-
vortex panels in the region near the wing tip. Consequently, it is
helpful to use panels of variablewidth. We have chosen the variation

y D Nb tan µ; 0 < µ < ¼=2

where Nb is the computational span of the semi-in� nite wing. Thus,
distributing the panels uniformly in the µ variable increases the
physical density of panels near the wing tips. A constant chordwise
width was used for each panel because varying panel width was
found to be less important in the chordwise variable x .

Figure6 shows theeffectof thenumberofpanelsused in the lifting
surface code. Note that the comparison is good. This suggests that
10 chordwise panels and twenty spanwise panels are suf� cient for
the computations.

Figure 7 shows the results of the lifting-surface computation
for the bound circulation near the rotor tip. Note the excellent
comparison of the numerical results with the modi� ed formula of
Stewartson,13 Eq. (11). Computational results are for 10 chordwise
and 20 spanwise panels. In the region of sharp dropoff of the bound
circulation, the individual vortex � laments will roll around each
other to form the tip vortex. In the region away from the tip, where
the circulation approaches a constant, no trailing vorticity is shed
to leading order. Comparisons between lifting line and lifting sur-
face models for a � nite length rotor blade have been presented by

Fig. 6 Comparison of the computational results with different num-
ber of panels in the lifting surface code: ¯, computational results with
10 chordwise and 20 spanwise panels and +, computationalresults with
20 chordwise and 40 spanwise panels.

Fig. 7 Comparison of the inner solution for the bound circulation
for a rotary wing between the lifting surface code and the modi� ed
Stewartson’s13 Eq. (11) indicated by the ——.

Kocurek et al.23; they � nd that lifting-line theory overpredicts the
torque coef� cient at large thrust coef� cient.

Having described the model for the rotor blade, we can calculate
the positionsof the shed vorticesbehind the rotor blade.The amount
of trailing circulation is determined by the derivative of the bound
circulation, and in discrete form the trailing circulation at a � xed
radial location in the inner region near the blade tip is

0t D ¡
d0B

dY
(13)

In a steadyinviscid� ow� eld, the trailingvortexlinesare alsostream-
lines. Therefore,we can obtain the positionsof vortex lines by solv-
ing the set of equations

dY

dx
D V0 (14)

dz

dx
D ®0[1 ¡ W0.Y /] (15)
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where we have linearized the right-hand side of each equation
about the dimensionless freestream speed. Here .x; Y; z/ are global
coordinates, with x measured from the leading edge and non-
dimensionalized by the chord. Here x is the independent variable
measured from leading edge of the wing. The vortices are initiated
at the one-quarter chord position of each panel at the beginning of
the numerical integration for every iteration. For the initial condi-
tion, z D 0 and Y is the spanwise location of the trailing vortex shed
from the one-quarter chord of each panel. The trailing vortices are
forced to stay on the wing surface up to the trailing edge of the
wing but can be displaced in the Y direction by the induced ve-
locity, unlike the previous work of the present authors.24 This set
of ordinary differential equations was solved numerically by the
Adams–Moulton method. Note that the velocity components were
calculated for straight-line trailing vortices in the � rst iteration.

To obtain the initial positionsof the trailingvortices,we introduce
three parameters to describe the rollup process. They are NY and Nz,
whichare theY and z componentsof thecenterof the tip-vortexcore,
and Nr , which de� nes the core radius measured from the centroid.
We de� ne

NY D

Pn
k D 1

PM
j D 1 0t; j kY j k

Pn
k D 1

PN
j D 1 0t; jk

(16)

Nz D

Pn
k D 1

PM
j D 1 0t; jk z jk

Pn
k D 1

PN
j D 1 0t; j k

(17)

where n is the number of trailing vortices which are rolling over
each other, M is the number of chordwise panels and 0 j k is the
circulationof the panel ( j , k). The core radius r has been de� ned as

Nr D

sPn
k D 1

PM
j D 1 . NY ¡ Y j k/2 C .Nz ¡ z jk /2

n £ N
(18)

The iterative process was assumed to be convergent when
. Nrnew ¡ Nrold/=Nrold is less than 10¡4 at each given value of x . Here
we have used one chordwise panel, 20 spanwise panels on the wing
surface, and 120 nodes on each of the trailing vortices. The sepa-
ration between the nodes on each of the trailing vortices is 0:05.
Beyond the last node, the trailing vortex is represented by a semi-
in� nite, horizontal straight vortex line extending to x D C1 and
parallel to the free-stream velocity.

Simple Contraction Model

A simple model for the slipstream contraction has been used to
determine the effect of contractionon the bound circulation. In this
model, the slipstream has been modeled by a piecewise-continuous
sequence of vortex cylinders having different (� nite) lengths li and
radii ai . The cylinders are distributed both radially and axially to
give a discretized representation of the continuous distribution of
vorticity in the rotor slipstream. The contraction ratio of succes-
sive vortex cylinders is represented by the variable ±i D ai C 1=ai ,
i D 1; : : : ; N , with ±i < 1. The � rst vortex cylinder, i D 1, originates
in the rotor tip-path plane z D 0 and has radius a equal to that of the
rotor. The last vortex cylinder, i D N , extendsdownward to in� nity.
Thus, the overall contraction ratio is aN =a1 .

For this model, the lifting-line model was solved by a numerical
scheme, using the elliptic-integralformulas to follow to evaluate the
downwash induced by each vortex cylinder. The slipstream con� g-
uration used in the computations, shown in Fig. 8, is composed of
30 vortex cylinders.

The axial velocity induced by a cylinder of radius r 0 and length
.zi C 1 ¡ zi /, composed of vortex rings of azimuthal vorticity °µ i ,
may be written as follows25:

Fig. 8 Exponentially shaped slipstream � tted by cylindrical vortex
segments; spirals are for illustrative purposes.

vz
0
i .r; zI r 0; zi ; zi C 1/ D °µ i .r

0/

2¼

(
z ¡ zip

.z ¡ zi /2 C .r C r 0/2

£
µ

K .ki;i / ¡
r ¡ r 0

r C r 0 5
¡
¾i

2; ki;i

¢¶
¡

z ¡ zi C 1p
.z ¡ zi C 1/2 C .r C r 0/2

£
µ

K .ki;i C 1/ ¡
r ¡ r 0

r C r 0 5
¡
¾i

2; ki;i C 1

¢¶
)

(19)

where K is the complete elliptic integral of the � rst kind and 5 is
the complete elliptic integral of the third kind. The moduli of the
elliptic integrals are de� ned as

k2
i j D 4rr 0

.r C r 0/2 C .z ¡ z j /2
; ¾ 2

i D 4rr 0

.r C r 0/2

For the uncontracted slipstream, the vortex cylinder is semi-in� nite
in length. For this limit, the following properties of the elliptic in-
tegrals are convenient:

K .0/ D ¼=2; 5.¾ 2; 0/ D ¼
¯

2
p

1 ¡ ¾ 2

5.¾ 2; ¾/ D E.¾ /=.1 ¡ ¾ 2/

Hence, in the limit zi ! 0; zi C 1 ! 1, Eq. (19) yields the following
result for the axial velocity induced by the uncontractedslipstream:

vz.r; z/ D .°µ =4/(([1 C sign.a ¡ r/] C .2=¼/fz=[.r C a/2 C z2]g

£ fK .k/ ¡ [.r ¡ a/=.r C a/]5.¾ 2; k/g)) (20)

This result may be used also for the � nal vortex cylinder of the
contracted slipstream model by replacing r by aN and z by z ¡ zN .

The induced axial velocity for all elementary vortex cylinders,
both axially and internally (across the slipstream), is obtained by
integrating that for a single cylinder, Eq. (19), with respect to r 0
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from the axis to the slipstream boundary r D ai , and summing with
respect to i over all axial cylindrical segments:

vz.r; z/ D
NX

i D 1

Z ai

0

v0
z i .r; zI r 0; zi ; zi C 1/ dr 0

The azimuthal vorticity °i is equivalent to the strength of the
circulation shed from the rotor divided by the axial distance the
shed vortex advances in one turn of the rotor. Denote the physical
value of the circulation of the shed vortices by 0¤

w . Then, for small
helix angle,

°µ i D 0¤
w

vz ¢ 1t
D 0¤

wÄ

2¼vz

­­­­
r D r 0

(21)

Because the circulation of each of the vortex “helices” is constant
along the whole length of the slipstream, °µ varies inversely with
vz . Because the elementaryslipstreamsare streamtubes,this implies
that °µ is proportional to the local radius of the slipstream. Hence
the ratio of vorticity of successive vortex cylinders is just

°µ i C 1

¯
°µ i D ai C 1=ai

and this result holds for each internal vortex cylinder as well.
The azimuthal vorticity of the uppermost vortex cylinder can be

evaluatedin termsof thedownwashin the rotorpathplaneas follows.
For a thin, uncambered airfoil section, the lift coef� cient is given
by Cl D 2¼®, where ® is the local angle of attack with respect to
the relative wind, that is, ® D ®0 ¡ vz=Är . Then from the Kutta–
Koukowsky theorem, the blade circulation is given by

0¤ D ¼c[Ä®0r ¡ vz]

The circulation shed from the blade at radius r , per unit span, is
0¤

w D d0¤=dr , so that from Eq. (21) the azimuthalvorticitybecomes

°µ 1 D
Äc

2a

1
W

µ
1 ¡

dW

dR

¶

where the nondimensional variable R and W have been de� ned
earlier in the lifting-line section. If the downwash is approximated
by Eq. (2), then the azimuthal vorticity of the uppermost vortex
cylinder is given by

°µ 1 D .2Äc¸=a/ ¢
¡
1
¯p

1 C 8¸R
¢

The streamtube induced by the semi-in� nite (uncontracted)vor-
tex cylinder provides a convenient approximation for the shape of
the contracted slipstream. The coordinates of the streamtube were
obtained by integrating the equation for its slope:

dr

dz
D vr

vz

where the radial and axial componentsof velocity are obtained from
elliptic-integral formulas corresponding to Eq. (20), as given by
Radcliff et al.25 The resultsclosely� t the exponentialapproximation

R D R1 C .1 ¡ R1/ exp.¡Z=Z1/

where R1 D 0:729 and Z1 D 0:4254. Note that R and Z are nor-
malized by the rotor tip radius, as de� ned earlier in the lifting-line
section. In the calculations, the radii ai of the outermost vortex
cylinders were evaluated from this exponential approximation.

Results
No Wake Contraction

In this section, results will be presented � rst for the bound cir-
culation and then for the rollup process. As mentioned, we solve
for the bound circulation on the rotor by the method of matched

Table 1 Parameters for the rotor
investigated by McAlister et al.10

Parameter Value

R 1.14 m
ÄR 132 m/s
nb 2
Chord 0.191 m
Attack angle 8 deg

a) Plan view

b) Radial view

Fig. 9 Section view of rollup process of trailing vortices shed from the
rotor; core radius converges up to x = 30, angle of attack is 8 deg, and
single chordwise panel used.

aymptotic expansion. We use “mutiplicative composition,” as de-
� ned by Van Dyke,12 to form the uniformly valid solution for the
bound circulation

0uniform D 0inner £ 0outer

0cp
(22)

where 0inner is the inner solution of the bound circulation (near the
tip region) given by the modi� ed Stewartson13 or the lifting surface
code,0outer is the outersolution,26 and 0cp is the common part,which
is de� ned as the bound circulation evaluated either in the limit as
the outer variable R ! 1 or as the inner variable Y ! 1.

The parameters of the rotor are are chosen to correspond to the
parametersof McAlister et al.10 and are given in Table 1. Figures 9a
and 9b present the x–Y and x–z views of the rollup process for the
rotor, which converges up to x D 30. The vortex lines emanating
from each panel are shown here. The direction of U1 relative to
the rotor blade is indicated. Note that the trailing vortices near the
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Fig. 10 Three-dimensional view of the rollup process of the trailing
vortices; angleof attack 8deg, single chordwise panel used, and iteration
process converges up to x = 30.

a)

b)

Fig. 11 Evolutionof the circulation of the tip vortex: a) angle of attack
is 8 deg, maximumboundcirculation is 0:153, core radiushas converged
up to x = 30, and single chordwise panel used and b) angle of attack is
12 deg and maximum bound circulation is 0:274.

tip region roll over and form a strong trailing vortex. However, in
the region away from the tip, the trailing vortices do not rollup in
distances of the order shown here. The tip vortex is also shown to
have moved inboard. The three-dimensional view is presented in
Fig. 10.

Figure 11 shows the growth of the circulation of the tip vortex
as a function of x . The circulation of the tip vortex is obtained by
summing the circulations of each of the individual � laments. The
open circles in Fig. 11 are the solution using four chordwise pan-
els. For the rotor at ®0 D 8 deg seen in Fig. 11a, as we go farther

downstream,and the iterationprocessis convergedto x D 30, thecir-
culation of the tip vortex has reached 79% of the maximum bound
circulation. The asterisks in Fig. 11 are the solution for a single
chordwise panel that is very close to four panel case. Clearly, one
panel is suf� cient for design purposes, a big savings in computa-
tional cost.

Figure 12 shows the downstream developmentof the core radius
Nr of the tip vortex measured from the centroid for angle of attack

Fig. 12 Evolution of the core radius År of the tip vortex measured from
the centroid; core radius has converged up to x = 30, single chordwise
panel is used, and angle of attack is 8 deg.

a) Plan view

b) Radial view

Fig. 13 Section view of the rollup process of trailingvortices shed from
the rotor; core radius converges up to x = 30, angle of attack is 12 deg,
and single chordwise panel is used.
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a) Plan view

b) Radial view

Fig. 14 Section view of rollup process of trailing vortices for a rotary
wing; iteration process converges up to x = 30, and angle of attack is
12 deg.

of 8 deg. The core radii Nr in Fig. 12 were calculated at each down-
stream location x at which an additional trailing vortex enters the
rolling-over trailing vortices. Note that Nr develops downstream and
approaches a constant asymptotically.

Figures 13a and 13b show the x–Y and x–z views of the rollup
process for a rotor with ®0 D 12 deg. A single chordwise panel was
used in this case. The core radius is converged out to x D 30. Note
that the center of the core has moved.

Figures 14a and 14b show the x–Y and x–z views of the rollup
process for the rotary wing at ®0 D 12 deg with 4 chordwise and
20 spanwise panels. Note that trailing vortices shed from different
chordwise panels but from the same spanwise location roll into
the single strong tip vortex at different downstream locations. The
trailing vortices that emanate from the panels closer to the leading
edge of the rotor blade roll into the tip vortex more quickly. The
three-dimensionalview is shown in Fig. 15.

Table 2 shows the comparisonof the circulationsof the tip vortex
for different � xed and rotary wings. At the same angle of attack
and downstream location, the tip vortex shed from a � xed wing24 is
stronger than that for a rotary wing, that is, the � xed wing tip vortex
develops more quickly than the rotor tip vortex. Morever, the tip
vortexshed by the wing at higherangle of attackalso developsmore
quickly than that shed by the wing at lower angle of attack. Such
a different downstream development is attributed to the different
spanwise variation of the bound circulation near the tip region: A
steeperspanwisegradientproducesstronger tip vortices and, hence,
a quicker development of the tip vortex.

Table 2 Circulation of the tip vortex
for different rotary wingsa

Wing ®0 , deg x1 0tip=0maxbnd

Rotary1 8 deg 30 0.785
Rotary2 12 deg 30 0.815

aTwo-bladed rotorof aspect ratio six and consistingof a single
chordwise panel and 20 spanwisepanels is used in each case.

Fig. 15 Three-dimensional view of rollup process of the trailing vor-
tices; angle of attack is 12 deg, 4 chordwise panels and 20 spanwise
panels used, and iteration process converges up to x = 30.

Fig. 16 Vertical velocity in the rotor plane at x = 4, three chord lengths
behind the trailing edge of the rotor: ¤ , is experimental data from
McAlister et al.27; ——, is computationaldata; and rotor tip is at Y = 0,
and inboard locations are for Y >0, 8-deg angle of attack.

Figure 16 compares the numerical results for the vertical velocity
with the more recent experimental data of McAlister et al.27 at a
positionthree chord lengthsbehind the trailingedgeof the rotor.The
comparison is surprisinglygood, although the spanwise location of
the maximum positive velocity occurs inboard of the experimental
result.

Effect of Contraction

Consider the downwash induced by the rotor-wake contraction
in the inner region, where R » 1. Li26 has evaluated the in� uence
of contraction on the value of the downwash, and the maximum
deviation from the uncontracted value is 8% for ¸ D 0:07 and only
5% for ¸ D 7. This in� uence may be signi� cant from the point of
view of blade loading and design, but for the present fundamental
study, the in� uence is consideredminor. Consequently,in the results
presentedhere, the in� uenceof contractionwas only incorporatedin
the outer solution for the bound circulationaway from the blade tip.

Figure 17 is a comparison of the resulting uniformly valid so-
lution without slipstream contraction with the solution accounting
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Fig. 17 Uniformly valid solutions with and without wake contraction
for different ¸, with ®0 = 8 deg: · · · ·, without wake contraction and
——, with wake contraction.

Fig. 18 Comparison of the computational solutions with the exper-
imental data of Caradonna and Tung9 for a two-bladed rotor: ——,
numerical solutions with wake contraction; · · · ·; numerical solutions
without wake contraction; +, experimental data for ®0 = 12 deg; ¯, ex-
perimental data for ®0 = 8 deg; and ¤ , experimental data for ®0 = 5 deg.

for the rotor-wakecontraction.Note that as ¸ increases the effect of
slipstream contraction is reduced. This effect appears to be due to
the reduction of induced downwash with increasing ¸.

Figure 18 shows a comparison of the current theoretical results
with theexperimentaldataofCaradonnaandTung.9 The comparison
is reasonably good in each case, although the peak value is under-
predicted for the smallest value of angle of attack (®0 D 5 deg). For
the large angle of attack (®0 D 12 deg), the wake contractionmodel
produces better results than the model without wake contraction
except near the tip.

Summary
We have developed a model for the aerodynamics of the forma-

tion of a rotary-wing tip vortex based on vortex-dynamics consid-
erations. The � ow near the tip of a large aspect ratio rotary wing is
equivalent to the � ow past a semi-in� nite � xed wing with appropri-
ately modi� ed freestream and the incorporationof a suitable wake
model. We have presented results for the bound circulation on the

wing and for the subsequent rollup and formation of the tip vortex
downstream of the blade tip. Following the work of Falkner21 and
Schlichting and Thomas,22 we have modeled the lifting surface as a
distribution of horseshoe vortices. The lifting-surface results com-
pare very well with the analytical solution of Stewartson13 for the
lifting line, suitably modi� ed to account for the rotor wake. More-
over, the solution for the bound circulationdoes not seem to depend
strongly on the number of panels in the chordwise direction,and 20
spanwise panels is suf� cient in the spanwise direction.

In the tip region where the bound circulation varies rapidly, the
individual vortex segments roll over each other and form a strong
tip vortex. The tip vortex does not completely roll up near the rotor,
as assumed by many wake models; instead, the tip vortex develops
downstream,and its circulationseems to be approachinga constant,
which appears to be signi� cantly less that the maximum bound
circulation. However, more work needs to be done to con� rm this
point.

The results for the vertical velocity induced by the shed vorticity
comparedwell with the experimentalresultsofMcAlister et al.10 No
turbulencemodel was necessary despite that, at the Reynolds num-
bers of the experiment, the � ow would be expected to be turbulent.
The numerical results for the bound circulation compare well with
the experimentaldata from Caradonnaand Tung,9 and the in� uence
of contractionwithin the inner regionnear theblade tip appears to be
of second order. Based on the comparisonswith experimental data,
there is little basis for the argument that the presence of turbulence
has a signi� cant effect on the structural properties of the tip vortex.
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